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Implicit Time-Stepping Methods for the
Navier-Stokes Equations
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A novel two-factor approximate factorization for three-dimensional flows is described. The method uses a
preconditioned conjugate gradient solver for one of the factors, and this solution is based on a method developed
for two-dimensional flows. This two-dimensional method is described, and its performance is summarized for
steady and unsteady flows. The two-factor method is then given. Larger time steps can be used with this method
than is possible with the more conventional three-factor method. Test results for the transonic steady flow over the

ONERA M6 wing are given.

I. Introduction

FUNDAMENTAL problem of aerospace engineering is to de-

termine the motion of a vehicle released into a flow. For some
flow conditions, the fluid—structure interaction can have terminal
consequences for the flight vehicle, and hence this interaction must
be investigated in detail during the design stage. Computational
tools have a major role to play in this process due to the expense of
flutter wind-tunnel tests.

A hierarchy of flow models exists that can describe increasingly
complicated flow features. For general flutter calculations, the ca-
pability to model shock waves and flow separation is important
because of the influence these features can have on the structural
response. Examples include the flutter dip in the transonic regime
and vortex-induced instabilities. Therefore, the appropriate level of
modeling for general flutter calculations is the Navier—Stokes equa-
tions. However, the computational cost of solving these equations at
present precludes their routine use in the flutter analysis of complex
flight vehicles.

There is potential for increasing the efficiency of turbulent flow
simulations by the development of improved numerical methods.
A popular way of solving the Navier—Stokes equations is by the
alternating direction implicit (ADI) method. In two dimensions,
with the spatial discretization of convection based on central dif-
ferencing, this approach yields an unconditionally stable method,
whereas in three dimensions the extension is unconditionally unsta-
ble in the absence of artificial dissipation. For upwind differencing
the stability limit on the time step is very restrictive. Hence, the
generalization to three dimensions of the most popular method for
simulating two-dimensional unsteady viscous flows is unpromis-
ing. However, this method is widely used in three dimensions with
examples including the NASA Ames ENSAERO code, which has
been used for aeroelastic studies,!~> the study of vortical flows over
delta wings,*> the NASA code CFL3D for aeroelastic analysis, and
to simulate viscous flow over oscillating wings.”

An alternative to ADI is the lower-upper factorization method,
which retains its favorable stability properties in three dimensions.®
Subiteration to remove factorization error effects was also used to
good effect. Another possible alternative is the dual time method
with convergence acceleration techniques such as multigrid applied
in a pseudotime at each physical time step (for.example, see Ref. 9
for incompressible flows). In Ref. 10 a hybrid approach was pro-
posed that uses Gauss—Seidel relaxation in one coordinate direction
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and a two-factor approximate factorization in the remaining cross-
flow plane.

In the current paper an alternative for three-dimensional flows
is proposed that involves a novel two-factor method that builds on
work on an unfactored method for two-dimensional flows. The two-
dimensional method is based on a preconditioned conjugate gra-
dient linear iterative solver with the ADI factorization serving as
the preconditioner. Application of this method has been made to
steady aerofoil flows'"'? and to aerofoil flows with forced pitch-
ing and flap movement.!? Parallel computing for aerofoil flows has
been considered in Ref. 14, and the parallel implementation of the
two-dimensional method, together with the method of this paper, is
discussed in Ref. 15.

This paper is organized as follows. First, the two-dimensional
method is discussed, and its performance for a steady-state flow
over an aerofoil is summarized. Then, a novel two-factor method for
three-dimensional flows that builds on the two-dimensional method
is presented. Sample results for the steady flow over the ONERA M6
wing at transonic conditions are given.

II. Two-Dimensional Method

The two-dimensional thin-layer Reynolds-averaged Navier—
Stokes equations in generalized curvilinear coordinates (£, 1) with
n normal to the surface can be denoted in nondimensional conser-
vative form by
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where w denotes the vector of conserved variables, f the convective
streamwise flux, g the convective normal flux, and s the normal
viscous flux.
One implicit step, updating the primitive variables P, can be
written as
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where R; and R, are terms arising from the spatial discretization in
the £ and 7 directions, respectively, and
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In the present work the spatial terms are discretized using Osher’s
flux approximation with MUSCL interpolation and the Von Albada
limiter for the convective terms and central differencing for the
viscous fluxes. The Baldwin—Lomax turbulence model is employed
to provide a turbulent contribution to the viscosity, but this is not
linearized in time in the present work; i.e., turbulence contributions
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only appear on the right-hand side of Eq. (2). This has been found
not to degrade the stability properties of the methods examined in
this paper.

The alternating direction implicit version of Eq. (2) is
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where

Rey, = —At(R; + R})

The ADI factorization that appears on the left-hand side of Eq. (3)
has been widely used to approximate a solution to the system (2)
because the banded structure of each of the factors makes it relatively
easy to solve. However, the solution of the ADI system is not an exact
solution of Eq. (2), and in practice the factorization error [the error
introduced by solving Eq. (3) rather than Eq. (2)] leads to a practical
limit on the time step and introduces another source of error into the
calculation. This motivates the use of a preconditioned conjugate
gradient solution of the unfactored system.

Conjugate gradient methods find an approximation to the solution
of a linear system by minimizing a suitable residual error func-
tion in a finite dimensional space of potential solution vectors. Sev-
eral algorithms are available, including BiCG, CGSTAB, CGS, and
GMRES. These methods were testedin Ref. 16, and it was concluded
that the choice of method is not as crucial as the preconditioning.
However, the CGS method was found to be the quickest of the three
methods that do not require reorthogonalization and is used here.
CGS has the additional advantage that the transpose of the matrix
on the left-hand side of Eq. (2) is not required, reducing implemen-
tation difficulties. The CGS algorithm was derived in Ref. 17 and is
restated in Ref. 18.

Denoting the linear system to be solved at each time step by

Ax =b @
we seek an approximation to A~! & C~! that yields a system
Clax=C" (5)

more amenable to conjugate gradient methods. The ADI method
provides a fast way of calculating an approximate solution to Eq. (4)
or, restating this, of forming the matrix vector product

Clb=x (6)

Hence, if we use the inverse of the ADI factorization as the pre-
conditioner, then multiplying a vector by the preconditioner can be
achieved simply by solving a linear system with the right-hand side
given by the multiplicand and the left-hand side matrix given by
the approximate factorization. The factors in C are put in triangular
form once at each time step with the row operations being stored
for use at each multiplication by the preconditioner. This roughly
doubles the storage requirements of the method.

To illustrate the performance of this method we present results
for flow over an RAE2822 aerofoil at a freestream Mach number
of 0.73, an angle of attack of 2.73 deg, and a Reynolds number of
6.5 x 10%. A study of convergence criteria for this case was car-
ried out, which suggested that a good general flow solution can be
obtained after a 2.5-order reduction in the residual from the value
at freestream conditions and that the integrated coefficients are well
converged after a four-order reduction.!! The comparison of conver-
gence rates for the present method (called AF-CGS), straight ADI,
and an explicit local time-stepping method is shown in Fig. 1 In
this paper a work unit is defined as the CPU time for one residual
evaluation (i.e., the time to calculate the left-hand side of Eq. (2) or
roughly the time for one explicit time step). It is clear that the new
method yields an improved convergence rate of around 25% over
ADI for the present problem. The Courant-Friedrichs-Lewy (CFL)
number that yields fastest convergence for the AF-CGS method is
35, but CFL numbers of up to 50 can be used. The largest CFL
number that yields a solution for ADI is 18, and hence removing the
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Fig. 1 Convergence histories for the AF-CGS, ADI, and explicit
methods. .
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Fig.2 Computed pressure distribution compared with the experimen-
tal distribution.

factorization error allows the use of larger time steps. A further re-
duction in the time to convergence by a factor of 5 has been achieved
by mesh sequencing, but these results are excluded here to allow a
comparison of the solution algorithms alone.

A similar approach has been used for unsteady flows over pitch-
ing and plunging aerofoils and aerofoils with moving flaps.!®> The
main conclusion from this work was that AF-CGS does not allow the
choice of time step from purely accuracy considerations because of
the need to limit the time step to ensure the reasonable performance
of the linear solver. However, AF-CGS does allow for larger time
steps and a reduced computational cost when compared with ADI.
For one particular case the stability restriction on the size of the time
step is a global CFL number of 1000. The average CFL number dur-
ing one cycle for the unfactored method is around 2000 for the unfac-
tored method, translating into a saving in CPU time of around 25%.

1. Three-Dimensional Extensions
The extension of the method to three dimensions is complicated
by two considerations. First, computer storage becomes a limiting
factor due to the need to store large Jacobian matrices. Second, the
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ADI factorization in three dimensions is significantly worse than in
two dimensions, making its use as a preconditioner less favorable.
This fact, however, means that there are increased gains to be made
in three dimensions by the use of an alternative to ADI.

One step of the method considered can be written as

dw 3R R, Y dw ! [ dw AR
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Ry = —At(R, + Ry +R,)

This two-factor step can be loosely described as unfactored in each
spanwise slice and approximately factored in the spanwise direc-
tion. A stability analysis!? has shown that the method has similar
stability properties to the two-factor ADI method in two dimensions,
representing a significant improvement on the behavior of the three-
factor method in three dimensions. The linear system resulting from
the first factor in Eq. (7) has a more complicated structure than the
block pentadiagonal systems that are encountered for each factor
in the three-factor method. However, this system can be solved us-
ing a direct generalization of the method described earlier for two
dimensions; i.e., we solve the system

clax=c 8

by the CGS method where
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and
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followed by the solution of a block pentadiagonal system for the
updates
dw OR,
(ﬁ+At aP)BP—_x 12)

The two-factor method has substantially reduced memory re-
quirements compared with the fully unfactored method. For the
third-order spatial discretisation there are 13 nonzero 5 x 5 blocks
for the rows in the unfactored matrix associated with any one grid
cell. This means that the number of floating point numbers that must
be stored for the coefficient matrix for a mesh with A cells is 325N
Since A can be on the order of 1x 10 for flows around basic wings,
this implies that even if we can solve the linear system efficiently,
storage requirements will be a limiting factor. For the two-factor
method only the matrix for one spanwise slice or one line in the span-
wise direction need be stored at any one time. This has the effect of
reducing the matrix storage requirements at any one time in the cal-
culation to max(225Nsice, 125Mine) Where Nyice is the number of
grid points in a spanwise slice and Ny, is the number of grid points
in the spanwise direction. Since My Nice = N, it can be seen that
the storage requirements have been reduced substantially (by around
two orders of magnitude for the test case examined in this paper).

As a test case, we consider flow over the ONERA M6 wing at
transonic conditions. Experimental data for this wing are available
inRef. 19, and there are several previously published computational
studies including those in Ref. 20. The flow problem we consider
here has a freestream Mach number of 0.84, an incidence of 3.06 deg,
and a Reynolds number of 11 x 10%. The convergence history is
shown in Fig. 4 for a grid with 121 x 33 x 33 points. For this
case 300 explicit steps were required before FUN was used with a
CFL number of 10. A plateau in the convergence is reached when the
residual has been reduced by around three orders of magnitude from

the initial value. This was also observed for flows over aerofoils in
Ref. 11 and was found to be due to small oscillations in the pressure
at the far field when single precision storage was used. This plateau
was not encountered when double precision storage was used. No
attempt has been made in the present case to verify if the plateau is
due to the single precision storage used.

The convergence history for three-factor ADI is also shown. The
FUN method requires 25% less CPU time compared with ADI to
reduce the residual by two orders of magnitude. ADI was unstable
for CFL numbers larger than 5. As discussed for the two-dimensional
case, there is a balance for the AF-CGS method (which is used to
solve each spanwise factor) between increasing the CFL number to
reduce the number of implicit steps and decreasing the CFL number
to reduce the number of CGS iterations at each time step. For the
present case the optimal CFL number turns out to be 10, although the
method produces comparable convergence rates for CFL numbers
of up to 20. It should be noted that the spanwise factors could be
solved by other methods and alternative preconditioners that do not
deteriorate with increasing time steps are under consideration with
potentially large benefits in terms of allowing larger CFL numbers
to be used.

Multigrid together with an approximately factored lower-upper
(LU) implicit scheme was used in Ref. 21 to study inviscid flow on
stretched grids for the same test case. A reduction of three orders
in the residual was achieved in 500 implicit steps on a single grid
and multigrid improved the convergence rate by a factor of 6.5.
To allow a rough comparison with present results, one step of the
implicit method described in this paper takes around 8 work units.
The LU steps of Ref. 21 should be cheaper than the FUN steps,
but this estimate suggests that the convergence achieved here is
comparable with the single grid rate of Ref. 21.

In Ref. 20, a comparable level of convergence has been achieved
on a finer grid by using multigrid together with explicit time step-
ping in around 2000 work units. This is an impressive resuit given
the size of the grid used and is beyond the basic method presented
here. However, a study for two-dimensional problems has suggested
that mesh sequencing can yield a fivefold reduction in the time to
convergence by providing a good fine grid starting solution. This
technique has not been used here and would improve the compara-
tive performance. Also, the results of Ref. 21 suggest that multigrid
coupled with the present method would yield a very competitive
method for steady-state flows.

The comparison of the computed pressure distribution with the
experimental results of Ref. 19 at six spanwise slices is shown in
Fig. 3, and again good agreement is observed. The results on two
meshes, the first with 121 x 33 x 33 points and the second with
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Fig. 3 Convergence history for the factored-unfactored (FUN) meth-
ods for ONERA M6 wing test case.
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Fig. 4 Comparison of computed pressure distribution with experiment for ONERA M6 wing: solid line—191 X 33 X 49 grid, and dashed line—

121 x 33 x 33 grid.

191 x 33 x 49, are shown and the close agreement suggests that
a good solution can be obtained on the coarser mesh. The results
are in line with those of Ref. 20. It should be noted that the mesh
used here is of C-H type that results is skewed cells in the region of
the wing tip. It has been observed®* that C-O type grids give better
quality solutions for this type of flow.

IV. Conclusions

The development of an implicit method for simulating three-
dimensional compressible and viscous flow has been discussed. This
method is based on a two-dimensional method that consists of an
iterative solution of the linear system by the conjugate gradient
squared algorithm with preconditioning by the alternating direction
implicit approximate factorization. This method has been tested for
steady and unsteady flows and an improvement in efficiency (i.e., a
reduction in execution time) has been noted when compared with
the standard ADI method.

A novel two-factor method has been presented for three-
dimensional flows that builds on the two-dimensional method by
factoring the linear system into a factor arising from spanwise slices
in the mesh and a block pentadiagonal factor arising from strips in
the spanwise direction. The more complicated factors arising from
the spanwise slices are solved by the two-dimensional method. This

approach yields a method that has similar stability properties to
the two-dimensional ADI method, a situation that is substantially
better than for the three-dimensional version of ADI. Results have
been presented for a transonic flow over the ONERA M6 wing
that demonstrate reasonable accuracy and convergence character-
istics compared with multigrid methods employing explicit?® and
implicit?! time stepping. A reduction of 25% in the CPU time to
reduce the residual by two orders of magnitude was noted when
compared with ADI. Further improvements are likely with the use
of preconditioners for the solution of the spanwise factors that do
not degrade with the time step.

However, as with the two-factor ADI method in two dimensions,
the real potential of the method lies with the simulation of unsteady
flows. Future extensions of this work will include the investigation
of the performance for unsteady and aeroelastic three-dimensional
flows. It is anticipated that the reduction in the factorization error
will allow larger time steps to be taken when compared with the
three-factor method.
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